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Abstract - The mathematical justification of the algorithm
for numerical restoration of the signal distorted by inertia
and resonances in measuring transducer is presented. The
structure of this algorithm is described. As an example, the
numerical restoration of the test signal is shown. One of
the directions for development of this theory is mathematical
justification of restoration of stochastic signals, in particular
“white noise”.
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1. INTRODUCTION

The optimal measurement theory arose as a branch
of the inverse problems theory [1]. Another approach
for solution of optimal measurement theory problems is
suggested in [2]]. It is based on system of equations

& = Az + Bu,y = Cx + Du, (1)

taken from the remote control theory. System is solved
by means of transfer functions. Lately authors developed
a new direction in mathematical theory of dynamical
measurements based on ideas and methods of Sobolev type
equations theory [3]. First results in this direction are
presented in [4].

Our theory is based on a mathematical model (MM)
of measuring transducer (MT), presented by a system of the
Leontief type equations

Li = Mx + Du, (2)

where L and M are square matrices of order n,
characterizing the construction of MT, and it is possible that
detL = 0. A vector-function x = col(x1, xo, ..., Ty), Tp =
xi(t),t € [0,7], k= 1,2,...,n, corresponds to the state of
MT, a square matrix D of order n determines the conditions
for measuring of the input signal u = col(uy,ug, ..., uy,).
Due to the discreteness of L-spectrum of matrix M system
of equations (2) can be endowed with the Showalter —
Sidorov initial condition

[(aL — M)~ LIP* (2(0) — z0) = 0, 3)

which is equivalent to the Cauchy initial condition x(0) =
xo in the case detl. # 0. Here a € p“(M), where
pY(M) is an L-resolvent set of matrix M. (Definition of

L-spectrum o* (M) of matrix M, p*(M) and meaning of
number p € {0} U N will be given below.) Justification of
reduction (1) — (2) can be found in [3]. Description of the
Showalter — Sidorov condition see in [6]].

To find an optimal measurement, it is
necessary to introduce the space of measurements
U = {ueLy((0,7);R"): u®tD € Ly ((0,7); R™) }.
Next, in the space 4l we need to allocate a closed and convex
set of admissible measurements i,5 C . The set U,9
accumulates a priori information about input signals. Such
information must exist, since the first commandment of
the Metrology says that it is impossible to measure the
unknown”. On the set i{,5 define the penalty functional

sy =ay / 99 — 5 )| e+
k=07

.o
+BZ/<Nku(k)(t),u(k)(t)>dt. )

k=0

Here y = col(y1,ya2,-..,yn) is a vector-function, y, =
ye(t), t € [0,7], k = 1,2,...,n, corresponding to the
output signal. This vector-function y = y(t) can be found
using the state = z(t) of MT by formula

y =Cu, ®)

where C' is a square matrix of order n; yo = yo(t), t €
[0, 7] is an output signal taken from the real MT; Ny, k =
0,1,..., K, K < p+1 are symmetric nonnegatively defined
matrices of order n, modelling filters that calm” resonances
in chains of MT; || - || and (-, -) are Euclidean norm and inner
product in R™ respectively; a, 3 € Ry, a + = 1 are
normalizing multipliers. The minimum point of functional
(@) on the set 1, is understood as an optimal measurement.

The algorithm for numerical solution of (2) — (5)
(i.e. the algorithm for finding the approximate optimal
measurement) is based on ideas and methods of optimal
control theory for Leontief type systems [[7]] that was used for
solving of economical problems. Firstly this theory was used
for finding of the optimal measurement only for MT with
inertia [8]. Subsequently, after a thorough analysis [9] we
managed to extend it to the case of MT with resonances in its
chains. In Sec. 3 we briefly outline our method of finding the
approximate optimal measurement providing it with results
of one of test computational experiments. Details can be
found in [10].



One of possible directions of development of our
theory is consideration of MT with noise. By now MM
with additive noise, i.e. systems of the form (2) where the
random process ¢ = ¢(t) stands instead of vector-function
u = u(t), are studied rather well. The case when ¢ is a white
noise, i.e. a generalized derivative of the Wiener process, is
the most interesting. The main difficulty is that the system
of the form (2) is solved not only by integration but also by
differentiation. Our approach is based on the conception of
”white noise” [11] where the Nelson — Gliklikh derivative is
used instead of a generalized derivative. In Sec. 4 we give
some sketches of this theory, details can be found in [12]].

2. MATHEMATICAL BASEMENT

Let L and M be square matrices of order n. Consider
the L-resolvent set p©' (M) = {u € C : det(uL — M) # 0}
and the L-spectrum o*(M) = C\pl(M) of the matrix
M. Obviously, the L-resolvent set p=(M) = p(L~'M) =
p(ML™Y) if detl. # 0. Further, the L-resolvent set
pE (M) = 0 if ker L0ker M # {0}. Define the matrix M to
be regular with respect to the matrix L (briefly, L-regular), if
the L-spectrum of matrix M is bounded (in particular, the set
ol (M) = 0 for M = I,,, and L being a nilpotent matrix).
Note that the term ”L-regular matrix M~ is equivalent to
the term “regular matrix pencil uL — M” in the sense of
K. Weierstrass (cited by [13], Ch. 12). This term appeared
similarly to the term (L, o )-bounded operator M (see, for
example, [3], Ch. 5).

In the case of L-regularity of matrix M by the
Weierstrass theorem (see, for example, [4]) there exist
nondegenerate matrices F' and U such that FMU =
diag{l,, S}, FLU = diag{N,,, N,,,...,N,.,I;}, where
N, are Jordan boxes of order v, j = 1,2, ..., k with zeros
on main diagonals, I; and I,,, are identity matrices of order [

k
and m respectively, l = n —m, m = ) v;, S is a square
j=1
matrix of order [. Let p = max{v,vs,...,v;}. Add here
the case when p = 0 (i.e. detL # 0 or det L = 0 and
FLU = diag{Oy,,[;}). Therefore for any L-regular matrix
M there exists a unique number p € {0} U N defined above.

Further we need a condition det M = 0 to be fulfilled.
Note that in the case of L-regularity of matrix M it does not
reduce the generality of our consideration. Indeed, making
change z(t) = e“'y(t), where a € p!(M), we get a system
of equations Ly = M'u + e=**Du, where M’ = M — oL
and det M’ = 0. Obviously, after solving this system one
can get the solution = z(t) of initial system (2) using back
change y(t) = e~z (t).

Theorem 1. [4], [S]] Let L and M be square matrices of
order n, and matrix M be L-regular with det M # 0. Then
forany xo € R™ and u € CPTL((0,7); R")NCP([0, 7]; R™)
there exists a unique solution x € C1((0,7);R") N

C([0, 7]; R™) given by

0= [3 (0 (ko™ 1) 1) o

x (KLE(M))"™ Du(s)ds] .

Formula (6) gives a classical solution to (2), (3).
However we need a strong solution x € X = {z €
Lo ((0,7);R™) : & € La((0,7); R™)}.

Corollary 1. [4]], [5], [14]. Let conditions of Theorem
1 be fulfilled. Then for any xo € R", u € Al there exists a
unique solution x € X given by (6).

Theorem 2. Let conditions of Theorem 1 be fulfilled.
Then for any o € R™ there exists a unique v € L5 such
that

J(v) = min J(u). @)

u€ll,o

The proof of Theorem 2 is based on the Mazur theorem
and can be found in [5], [14]. The optimal measurement
v = v(t) is called a precise solution of (2) - (5).

3. NUMERICAL ALGORITHM

To construct a numerical algorithm it is convenient to
take the modified functional instead of functional (@):

_QZ/Hy(J) +y(J (t) —

=07

+BZ / Nku(k) u(k)()>d )

k=0

y) 2
J (t)H di+

which differs from @) by summand gé’“) (t). This vector
function responds to the observation obtained on real MT
without useful input signal. In other words, y(()k) is
responsible for noise caused by resonances in chains of MT.
The necessity of such modernization of the functional (4)
was substantiated in [8]]. It was shown [10] that Theorem 2 is
true even if functional (4) is substituted by functional (8). A
minimum point of functional (8) on 4, is called an optimal
measurement as well, and the solution of (2), (3), (5), (7),
(8) is called a precise solution of the optimal measurement
problem. We emphasize that in theoretical aspect there is no
difference between these two problems, however, the second
problem is more useful for the construction of the algorithm
for numerical solution.



On the first step of this algorithm we note that the
space il is separable by the construction. It means that there
exists a sequence of the finite-dimensional (dimil’ = ¢)
subspaces £ C £ monotonously exhausting the space $1

o0
(.e. 4 C 4L and |J U is densely embedded in ). An
=1
approximation u® € $1° of the measurement w is represented
in the form

¢ ¢ ¢

4

u’ = col E aljgoj,g agjgoj,...,g anje;i |
=1 =1 =1

where {goj}gzl is an orthonormal basis of the subspace
U*, and the coefficients aq1, ..., @1z, 21, ..., G20, .., Gpp ATE
unknown. Firstly in consideration of signals distorted only
by inertia of MT we used polynomials for basis functions in
i, ie. ¢j(t) = t/, and (2) was considered [8] on interval
[0, 1]. If in addition the signal is distorted by resonances in
chains of MT then it is convenient to take the Fourier basis
in 4, i.e. ;(t) = sin(jt), and consider (2) on interval [0, 7].

It is natural to assume that the resonances arising in
chains of MT are the perturbations of the measurements ¢,
i.e. instead of u’ consider

- col(u1 + Ay sinwit, u2 + As sinwot, . fn—|—

+ A, sinwpt),
where the resonance frequencies w1, wa, ..., Wy, are assumed
to be known, and the amplitudes Al,AQ, ...,Am are not.

Construct an approximate solution % = 5% of . .
This solution has the form

=3 (-

x (]In - (kLg(M))”“) (D)@ () +
T ((L _ £M> B L)kxo—i- ©)
+§:O <<L— t_kst>lL>k (L— t;sﬂ'M)l x

x (kLE(M))" Dl (s;)Ac,

((RzEOn)T 1) L)qM_lx

where s; and Ac; are nodes and weights of the Gauss
quadrature formula. Note that the choice of k should be
bounded below [8]. By substituting z in (5) instead of
we find an approximate observation y, = yt (t).

In the second step of the algorithm substitute the
data y(] ) and géj ), j = 0,1, the approximate observation
yt instead of y and @’ instead of u in the penalty
functional J (8).  After the calculations in we
obtain a functional J¢ = J‘(a), where the vector
a = COZ((Lll, ey Q14,421 eeey 204 oovy g, Al, AQ, ceey Am)

belongs to the space R x R™. Where the subspace R
is called a space of resonances amplitudes.

Refer to the set of admissible measurements $l,g.
Typically, in applications it is not only closed and convex,
but in addition it is bounded. Let the set {,5 be closed,
convex and bounded then there exists a sequence of convex
compacts {8}, U’ C 4 monotonically exhausting the
set 4. In our considerations we can construct a convex
compact set in the space R isomorphic to ilf;a. Further
this compact set will be denoted by the same symbol ilfla
In the space of resonances amplitudes R™ choose a convex
compact set 47 accumulating a priori information about
MT resonance’s amplitudes. Find the minimum of the
functional J¢ on the set 45 x 47" that exists (and is unique)
due to the Mazur Theorem.

Substituting the values a1, ..., @14, @21, ..., Gme Of the
minimum point
a=— COl(dll, ceey Ellg, El217 ceey &2@7 ceey (Nl,m[, Al, AQ, ceey Am)

of the functional .J¢ on the set ilf; 5 X U into ¢ we get the

vector function

¢ ¢ ¢

[ ~ ~ ~

uy, = col E a5, g a2 Pj, .-, E mjPj | »
j=1 j=1 j=1

which is called an approximate optimal measurement. The
superscript of ui defines the dependence on “approximate
space” ¢, and the subscript defines the dependence on
approximation (9). Note that we have simultaneously found
the resonance amplitudes fll,ﬁg, s A,, that we are not
interested in as an approximate state of MT. (The state of MT
can be found from (9) by substituting of the vector function

ﬂi = col (uil + Aqsinwit, Uﬁg + Apsinwst, ..., uim+

—i—flmsinwmt)

instead of %1‘). Note again that, for simplicity, the time ¢ in
the algorithm belongs to [0, 7] (i.e. in (B) we assume 7 =
7). To consider the other intervals it is necessary to use the
correction coefficients for ¢ in (8), (9).

Theorem 3. [10] Let conditions of Theorem 1 be
fulfilled. Then

lim lim uf — v

£— 00 k—00
in the norm of 4.

In other words, there is a convergence of approximate
optimal measurements to a precise solution of (2), (3), (5),
(7), (8) obtained in Theorem 2.

During the computational experiment the test signal
u = sin(t) was fed to the input of MM of MT (i.e. it was
substituted into a system of equations of the form (2) [9]]) and
was “distorted” by resonances. Afterwards it was restored
according to the suggested algorithm. The result is shown
on Fig. 1.
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Fig. 1. The results of restoration of a test signal.

4. OPTIMAL MEASUREMENTS AND ”NOISES”

Let Q = (Q, A, P) be a complete probability space, R
be a set of real numbers endowed with Boreal o-algebra. The
measurable mapping £ : 2 — Ris called a random variable.
The set of random variables forms a Hilbert space Ly with
inner product (&1, &2) = E&1&2. Let 3 C R be some interval.
Consider two mappings: f : J — Lg, which maps each ¢ €
J to a random variable £ € L, and g : Ly x 2 — R, which
maps every pair (£, w) to the point £(w) € R. The mapping
7 : IxQ — Rofthe formn = n(t,w) = g(f(t),w) is called
a (one-dimensional) random process. Thus, for every fixed
t € J the random process 1) = 7(t, -) is the random variable,
i.e. n(t,) € La, and for every fixed w € ) the random
process 1 = (-, w) is called the (sample) trajectory.

The (one-dimensional) Wiener process 8 = f(t),
modelling Brownian motion on the line in Einstein
— Smolukhovsky theory, is among the most important
examples of continuous Gaussian random processes.

Now fix random process n and ¢ € (g,7) C R
and denote by N}’ the o-algebra generated by the random
variable 7(t). For the sake of brevity by EY = E(-|N}")
denote conditional expectation with respect to N;’. The
random variable

Dn(t,) = Jim B <17 (t+ At,A.z —n(t, ,))
(Pente = oy mr (M=) )

is called a forward Dn(t,-) (a backward D.n(t,-)) mean
derivative of the random process 1 at the point t € (e, 7) if
the limit exists in the sense of uniform metric on R. If the
random process 7 is forward (backward) mean differentiable
on (¢,7), then Dgn = 1 (D + D,)n is called a symmetric
mean derivative or a Nelson — Gliklikh derivative for brevity

©)
and is denoted by 7% By ;)] , I € Nwe denote the [-th Nelson
— Gliklikh derivative of the random process 7).

Now fix n € N, take n independent random processes
{m @), n2(t),...,n,(t)} and define n-dimensional random
process by formula

o) = Y m(t)e

where e; are basis vectors, j = 1, n. As an example consider
n-dimensional Wiener process

Wh(t) = Z Bj (t)ejv

where (3, j = 1,n are independent Brownian motions.
Consider so-called stochastic Leontief type system of
the form

L &= Mé+ Dy (10)

modelling random changes in state £ = £(¢) of MT under

the influence of random external perturbations ¢ = ¢(t).
o

Here £=£(t) is the Nelson — Gliklikh derivative of a random
process £ = £(t), and matrices L, M and D are the same

as in . In particular it can be that ¢ :I/?/n, where W,, =
W, (t) is an n-dimensional Wiener process. For system (10)
we can also set the Showalter — Sidorov initial condition of
the form (EI) [3]] and even consider the optimal measurement
problem of the form (2) — (5), (7), see [3]], [14].

To consider strong solutions £ = £(t) of we
need to introduce the space of integrable “noises”. Fix
the interval (e,7) and by L2((e,7);R) denote the space
of stochastic processes with any trajectory almost surely
lying in Lo((e,7);R). The space La((¢,7);R) is a

Hilbert space with inner product [n,&] = [En(t)&(t)dt.
g

Similarly construct the Hilbert space La((g,7); R™) with

inner product [, €], = [ E < n(t),&(t) > dt.

g
Assuming that the matrix M is (L, p)-regular, p €
{0} UN, supply system with the Showalter — Sidorov
initial condition

[(aL — M) L]" (£(0) &) =0. (1)

Fix the interval (0,7) C R, and construct a stochastic

MT state space & = {¢ € Lo((0,7);R") : &€
Lo((0,7); R™)} and stochastic measurements space & =

o(p+1)
{p € La((0,7); R™) : ¢ € Lo ((0,7); R™}.

Note that if any trajectory of a random process

o(k+1) o (k+1)
v =i ), t € (0,7), k € {0} UN lies

in Ly((0,7); R™) then the same trajectory of the random
o (k)

process ¢  is absolutely continuous on [0,7] by the

Sobolev imbedding theorems. Therefore, condition and

stochastic spaces =, ® are defined correctly. Fix ¢ € ®. The

random process £ € = is called a strong solution of system



(10), if for any trajectory of ¢ there exists a.s. trajectory &
almost everywhere (a.c.) on (0, 7) satisfying (10). Itis called
a strong solution of problem (10)), if it satisfies condition
for some & € L. Sometimes instead of condition
it is convenient to use the weakened (in the sense of S. G.
Krein) Showalter — Sidorov condition

Jim [(aL M) LT W) ~ &) =0, (12)

For example, it is useful when ¢ =W o, where W =W (t)
is the ”white noise” [[L1]]. There was proved the existence and
uniqueness of a strong solution of (I0), as well as (10),

1.
Implement MM (10), (or (10), (12)) with the

system of equations

n = Cg,

modelling observations of the input signal ¢ = () and the
penalty functional

T

oK) o)
JEI @8 Ol

T

K
wz/mm&
k:OO

k) o)
(

0,8 (t) > dt.

There was proved the existence of ¢ € ®y9 (Pyo is the set
of admissible stochastic measurements), which is called an
optimal stochastic measurement. As above the set @9 is
closed and convex in the space ®.

5. SOME REMARKS

Despite the fact that the study of additive ’noise” is far
from completion, new results in the theory of multiplicative
”noise” based on [[16] were obtained recently [[15)]. Moreover
there was discovered a new application of the theory [7],
[LO] to construction mixtures [17]. Finally, to avoid the
impression that we are working with “noises” just because
we can’t deal with “’real” noises, refer to [[18]], where infinite-
dimensional spaces of noises were constructed.
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