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Abstract: At the Kielce University of Technology a
novel approach to measurements of sphericity has been
developed. The approach involves application of traditional
radial measuring instrument equipped with a special-
purpose fixing unit allowing accurate positioning of
measured ball. The new concept required developing of the
set of mathematical equations allowing, for example, the
calculation of the reference sphere parameters. The paper
assumptions of the new concept and the mathematical model
of calculation of the reference feature by the radial method
with respect to sampling points density. The theoretical
analysis is supported by the practical example.
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1. INTRODUCTION

According to the existing industrial standards, the
strategy for sphericity assessment consists in measuring
roundness profiles in two or three mutually perpendicular
planes. The results obtained for the individual cross-sections
are represented graphically in polar coordinates, which
makes it possible to determine sphericity deviations. This
approach to sphericity measurement is very simplified
because a significant part of the spherical surface is not
measured [1].

Most industrial standards state that the best reference in
sphericity evaluation is the minimum circle circumscribed
on a measured profile. Sphericity measurements are
generally conducted using radial devices, i.e. ones
determining changes in the radius. In radial measurement,
the workpiece is placed on a table, which can be rotary or
non-rotary, according to the design of the device. If the
measuring table is non-rotary, the measuring sensor rotates
[2].

Recent advances in metrology have caused that
researchers are working on the development of other
methods for sphericity measurement. A large number of
institutions are investigating the wuse of coordinate
measurement systems to assess sphericity deviations. As the
accuracy of coordinate measuring machines is increasing,
this technique may soon be applied not only to assess
sphericity but also other form deviations [3]. Nowadays,

however, it is still the radial devices that provide the highest
measurement accuracy. One of the most original methods
proposed recently for measuring sphericity was that
developed by Gleason and Schwenke [4]. This measurement
strategy employs the three-point method. An advantage of
this concept is that the measuring signal is not affected by
the spindle errors. The most important drawback is that
some harmonic components of the profile cannot be
detected by the measuring system. Another interesting
concept of measurement of spherical parts is the use of
optical systems [5]. However, measurement accuracy of
optical systems is still relatively low, when form deviations
are measured. This suggests that optical methods are not
suitable for accurate sphericity measurements.

A large number of academic and industrial research
centres are engaged in developing and improving methods
for the measurement of spherical surfaces as well as
methods for the evaluation of sphericity deviations.
Traditionally, the methods used for assessing deviations
from an ideal sphere are similar to those used for analyzing
out-of-roundness.

2. THE CONCEPT OF SPHERICITY
MEASUREMENT BY THE RADIAL METHOD

The fundamental of the concept proposed by authors is
applying a typical radial measuring instrument equipped
with a special-purpose unit for the accurate positioning the
workpiece. Such system allows measurements of deviations
of roundness profiles in precisely defined cross-sections of
measured balls. The concept is based on various solutions
presented in the literature as well as the authors’ experience
concerning accurate measurement of roundness and
cylindricity.

The research work involving the development of the
method was divided into two parts: theoretical (including
computer simulations) and experimental. The theoretical
investigations included: defining the spherical surface,
selecting a relevant measurement strategy, generating and
superimposing profiles, filtering the profiles, calculating the
reference sphere and the sphericity parameters.

The authors assumed the following strategy of
measurement. First, a selected sphere is measured on a



measuring table to determine its roundness profiles in
several equally-spaced cross-sections. Next, the object is
rotated at a right angle about the vertical axis so that more
cross-sections can be measured (see Fig. 1). The limitation
of the approach proposed by authors is that the fixing unit
may not rotate the workpiece accurately, which can
influence measurement data. However, authors assumed that
in the preliminary stage of the research the influence of the
errors of the positioning unit may be neglected.

Fig. 1. Strategy for sphericity measurement proposed by the
authors — “combined” strategy

3. THE PROBLEM OF SAMPLING POINTS DENSITY

In order to determine form deviations of the element
correctly it is necessary to establish parameters of the
reference feature, first. The parameters are calculated from
measurement data with the use of assumed method. It is
usually the least squares or minimum zone method. In the
research work described here the method used for the
calculation of the reference sphere parameters was the least
squares one. Taking into account assumed measurement
strategy it is clear that in areas of the surface where
roundness profiles cross there are more sampling points than
in other areas. Therefore, if parameters of the reference
sphere are to be calculated accurately, it was necessary to
develop the equation allowing calculation of the coefficient
of the sampling points density.

In order to illustrate this question, the problem of

calculation of the value of the mean square deviation of the

sphericity profile Sq was considered. Let ARgyero(6, ) be

the deviation from the ideal sphere. Mean square deviation

of the profile Sq is equal to
1 (27 ¢x .
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where R, 6, ¢ are spherical coordinates.

The coefficient 4z
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roundness profiles in cross-sections of the sphere, then the

is the area of the sphere. If

i=1...M are

parameter Sq should be calculated from the equation
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where 7;(¢') is the inverted sampling points density

coefficient. Thus, it is necessary to define relevant density
function (') and its inversion 7, (¢') .

Let (6,(¢'), ¢i(¢')), i=1...M be parametric equations of

the scanning trajectory, v;(¢') be the unit vector with

coordinates equal to (6,(¢'), ¢ (¢')) defined in the
coordinate system of the sphere XYZ, thus
cos @'
vi(@") = AT (e, B 7i)| sing' 3)
0

Two unit vectors v, v, indicate neighboring points on the
sphere if the scalar product (v;,v,) is approximately equal

to 1. It was assumed that the point v, lies near to the point
vy, if (1,v,) =k, for suitably chosen constant value x .

This constant should depend on an applied measuring
strategy, for example, in the “bird-cage” strategy, it depends
on the value 3, which is the angle between subsequent
profiles or on the coefficient of the conditioning of the
strategy. The constant x can be also chosen experimentally.
Assuming that the inverted density function 7;(¢') depends
on the angle & between vectors following equations may be
written:

5@ o) =acsinli (@) v (") @)
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It is obvious that the equations given above apply Gaussian
function to the calculation of the inverted density
coefficients.

4. REFERENCE SPHERE PARAMETERS

The reference sphere can be calculated very easily for
the whole surface of the element. The surface of the ideal
sphere with the radius r, and at the centre given by

€x.€y,€, is described by the equation (6)
R (6,90) =1, +e, cosgpsind+e, singsind+e, cosd =¥(6,9)" py

Y(0,9)=[1 cosgsingd sinpsind cosd]  (6)



Pref = [rO € €y ez]T
(assuming that all vectors are column ones).

It is obvious that it is not the equation of the ideal
geometrical sphere but only the approximation if the radius
of the sphere is much larger than the coordinates of its
centre. If the whole surface of the sphere Rgypere(0,9) is
given, then the parameters of the reference sphere can be
calculated with use of the least square method by
minimization of the sum of squares of distances of points of
the real sphere from the reference, which is described by the
equation

J (rO x5 ey ' ez) = J.:IOz” (Rsphere(91 90) - Rref (91 (P))z Sinajéd(/’
Y]

Functions 1, cos#, cosgsing, singsing are orthogonal on the
sphere S2, thus values of parameters ro, €, €, and e, can be
calculated from the following equation
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Pref x =

It should be taken into account that the value of the
expression I:I;”(‘Pk(e,¢))2 sin&d@g for k =1 equals 4x,

and for k =2,34 itequals 47/3.

If number of sampling points or the number of roundness
profiles is finite, then the equation (8) should be modified.
In order to make equations simpler it was assumed that
measured profiles are continuous. In further considerations

following indicator was used:

M v/4
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The equation (9) can be also written in the following form:
M 27 T
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where (6;(¢'), ¢, (¢')), @' (0,27) is the scanning trajectory
depending on ball orientations (e, f.7;) , i=L...M .

Accordingly,  Topnerei (') = Repnerd @ (#), 01 (#))  is  the
profile of the cross-section of the ball.

The change of the angle ¢' will result in even displacement
along the trajectory, therefore it is not necessary to apply the
coefficient sind, which indicates the area of the element
dfde. Instead of this coefficient a certain function #;(¢") is

introduced that describes local density of the surface

scanning. The value of this function should be in inverse
proportion to local density of sampling points.
Finally, the following equation can be obtained from the

condition of minimization of the indicator J
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which is equivalent to
Gpref =g (12)

5. THE EXPERIMENT

The concept of the calculation of reference sphere
parameters with respect to the sampling points density was
tested through computer simulations. The research was
divided into four main stages: generating the spherical
surface with some imperfections, simulation of the
roundness profiles obtained by the radial method,
calculation of the reference sphere parameters assuming that
sampling points are distributed uniformly and calculation of
the reference sphere parameters with use of the density
coefficient.

Figure 2 presents the spherical surface to be investigated.
The surface was generated with use of spherical harmonics
and associated Legendre functions and polynomials [6].

Fig. 2. The spherical surface being the subject of the
research

After the generation of the surface the choice of the relevant
measuring strategy was made. Authors decided that the bird-
cage strategy will be used in this case .

In order to evaluate the correctness of equations presented in
the previous chapter the errors of determination of the
sphericity deviation were calculated. Diagram of the
difference between the deviation obtained from the whole



surface and from the roundness profiles without respecting
the sampling points density is shown in Figure 3.
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Fig. 3. Difference between deviation calculated for the
whole surface and for the roundness profiles (uniform
distribution of sampling points assumed)

The diagram shown in Fig. 3 indicates that the maximum
difference between values of sphericity deviation is about
10% if uniform distribution of the sampling points is
assumed. Taking to account the strategy presented in Fig. 1
it is obvious that the sampling points are not distributed
randomly on the whole surface of the sphere. In points
where roundness profiles cross each other the density of the
sampling points is higher.

In order to decrease the difference between the deviation it
is necessary to apply the coefficient of the sampling points
density (see equation (12)-(13)).

Figure 4 presents the difference between values of the
deviation if local density of sampling points is taken to
account.
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Fig. 4. Difference between deviation calculated for the
whole surface and for the roundness profiles (the coefficient
of the sampling points density applied)

The diagram presented in Fig. 4 shows that if one applies
the coefficient #;(¢"), then the difference between deviations
is about five times smaller than in the previous case. It
proves that the concept presented in Chapter 4 is correct. It
may be assumed that the difference would be even smaller if
more roundness profiles had been measured.

6. SUMMARY

Since the existing measurement strategies applied to assess
sphericity deviations are not sufficiently accurate, the

authors developed a combined method, which involves
measuring the changes in radius with radial devices. The
measuring instrument is a computer-aided radial device for
measuring radius changes in roundness profiles. It is
equipped with a special-purpose fixing unit for accurate
positioning of the measured element. The research involved
solving the problem of calculation of the reference sphere.
In authors opinion this problem should be considered with
respect to nonuniform local density of sampling points.
Thus, authors developed mathematical equations allowing
calculation of the reference sphere parameters where the
coefficient of sampling points density is applied. The
mathematical model was verified through computer
simulations with the use of Mathematica. Results of the
simulations show that the application of the coefficient of
the sampling points density results in significant increasing
of measurement accuracy. If one does not respect the
sampling points density, then the maximum difference
between the sphericity deviation calculated for the whole
surface and for roundness profiles is about 10 %. By
applying the coefficient describing the density of sampling
points, this difference decreases to about 2 %.

Thus, it can be assumed that developed equations are
correct and can be used in the experimental part of the
research work.

The next stage of the research will be the experimental
verification of the concept. It will be carried out at the
Kielce University of Technology at the Laboratory of
Computer-Aided Measurements of Geometrical Quantities.
The measuring device will be a computer-aided instrument
Talyrond 73 by Taylor Hobson equipped with a unit
allowing positioning of spherical parts. The spherical parts
will be measured by the designed system and by the
conventional one and obtained results will be compared
then. The number of parts to be measured will be equal to 50
in order to evaluate the accuracy of proposed method with
the use of statistical parameters.
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