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Abstract: The aim of the analysis was to develop an alprofile by the filtered profile, whereas the otheaglled

gorithm for one- and two-dimensional filtering ofofiles
using approximation by means of B-splines. The thexf
B-spline functions introduced by Schoenberg aneérektd
by Unser et al. was used. Unlike the spline fijfeoposed
by Krystek, which is described in the 1SO standattie
algorithm does not take account of the bendinggnef the
filtered profile in the functional whose minimizati is the
principle of the filter. Appropriate smoothnessaofiltered
profile is achieved by selecting an appropriateagice be-
tween the nodes of a spline function. The papeludes
examples of separation of 2D and 3D roughness.
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1. INTRODUCTION
The smoothing and low-pass filtration of measurenuzta

are performed in many areas of science and techyola
surface metrology, filtration is used to separatenf wavi-

bending energy, is to ensure appropriate smoothofetise
filtered profile. In Ref. [3], [4], a filtered prdé is deter-
mined by means of local approximation of the priyngrro-
file with a polynomial of degree 1 or higher. Irethtera-
ture, such filters are called spline and regresditiers,
respectively, and they are described in 1ISO statizkion
documents [5], [6].

Data smoothing can also be achieved by approxigati
the profile by a linear combination of certain Isafinc-
tions. In this paper, we assumed that the basistifums
were appropriately shifted B-spline functions (Bhsps).
We used the theory of B-spline functions develofsd
Schoenberg [7] and extended by Unser et al. [8]. iVe
cluded examples of the application of the filterseparate
2D and 3D surface roughness.

It should be emphasized that, unlike spline fitele-
scribed in the standard, the algorithm does nat tadcount
of the bending energy of the filtered profile ire thunctional
whose minimization is the principle of the filteFhe ap-
proximating function is smoothed by selecting aprapri-

ness and roughness components. Today, the most @omngate distance between the nodes of the spline fumcti

are digital filters because of the application ofmputer-
based measurement methods. The problem of filtratam
be easily solved in the analysis of periodic pesfiregis-
tered at a constant sampling interval. In this ctse most
convenient is first to determine a discrete Fouttiensform
of a profile, and then filter it in the frequencyrdain ac-
cording to the required filter frequency charactiei Filter-
ing non-periodic profiles is definitely more difitt. The
major problem is to determine the filtered profilethe ends
of the profile. This is due to the fact that thdueaof the
filtered profile at a given point is obtained thgbuaverag-
ing of the measured profile in a certain neighborhof this
point. However, at the ends of the profile, theueal of the
profile lying outside the area measured are notwnadn the
literature, this problem is called the end problem.

The simplest method to solve the problem is téstega
sufficiently long fragment of a profile and use #idehal end
fragments for determining the filtered profile its icentral

part. Many methods have been developed to determine

filtered profile, also at the profile ends [1]-[4B]. Many of
them have good theoretical background. In Refs.[H]] a
variational approach was used. It assumes thafiltbead
profile minimizes a certain functional made up wbtparts.
One part is responsible for the approximation efphimary

2. PROFILE APPROXIMATION BY MEANS OF B-
SPLINE FUNCTIONS

The problem of approximation of the set of poi(ifs, x,,)

by means of a spline function can be formulatetbbsws:
determine the spline functios(t) that minimizes the func-
tional

I=3 (%, =50 (1)

A very convenient and elegant method for consimgct
spline functions is to apply B-spline functions ¢plines,
for short) [7], [8]. B-splines can be defined irfeav ways.
The definition provided below is a recursive defon using

the concept of convolution. Leﬁ,o(t) be a characteristic
function of the interva[-1/ 2,1/ 2], that is:

s o [Lforft|s1/2,
Bolt) = {0 otherwise, @
and assume that
B, () =B,..(t)*B,(D) for n=1,2,... (3)



For example, a cubic B-spline function, which ismeoonly
applied, is described with the following relatioigsh

t*+6t°+12+8 for- 2<t<-1

- -6t2+ 4 for-1<t< 0,
fig(t):E 3 -6+ 4 for O<t< 1, (4)

-t} +6t2-12+8 forist< 2,

0 otherwise.

Fig. 1 shows a plot of the B-spline functions faveral
initial values ofn.
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Fig. 1. B-spline functions fon=0,1,2,3,4,%.
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It is easy to check that the B-spline functfm{t) is a

spline function of degree, with the node-to-node distance
T =1 . The nodes coordinates equal-2,-1,0,1,2,.. for

oddn, and...,-3/2,-1/2,1/2,3/2,. for evenn. There-

fore, the functior{’;n(t) is also called a normalized B-spline

function. The B-spline function with an arbitrarpde-to-
node distancd is a function in the form

_1;
Bur 0 =28,/ T). )

Eachn-th degree spline function determined over therinte

val  P=[0,T,] with nodes at the points
KT, k=1,2... K-1, whereT, =TK, can be written as
K+(n-1)/2
st)= > apB,;(t—kT) for oddn (6)
k=-(n-1)/2 '
and
K+n/2-1
st)= > af,(t—KT-1/2) for evem. @
k=-n/2

The summation range in Eqs. (6) and (7) was seleicte
such a way that the shifted basis functions in E§s.and
(7) had non-zero values in the interv@ . Thus, for in-

stance, fom =3, the functional (1) can be written as

J=a'Ba-2c'a+d, (8)
where B OR®**K*3 3 ¢cORX*3, d is a scalar, independ-
ent of the coefficients, , and

a=[a, a,...a.]", ©)
B(t) =[Bsr (t+T) Bar (V) ..B (t=(K+DT)]",  (10)
B= iﬁ(tm)ﬁ(tmf : (12)

o= D BEIAC,) (12)

Finally, the parameters of the spline function vhesures

the best approximation of the measuring poffifsx,,) in

the sense of a minimum of (1) are as follows:
a=B7c.

(13)

3. THE PROPERTIES OF THE B-SPLINE AP-
PROXIMATION FILTER

Now, it is essential to determine how to selectdisance
between the nodes of the spline functidn, It is under-
standable that the greater the distance betweemtihes, the
smoother the spline curve. Probably, the smoothaésse
curve is also dependent on the degne€lhe representation
(t, X,) — s(t) can be treated as a low-pass filter. Another
important objective is to answer the question wthatcutoff
frequency of the defined filter is.

The properties of the filter were analyzed usirieparier
transform. For this purpose, let us consider therial over
which the spline function is defined. We assume tha
approximated function is a whole set of real nurebée.

P =R . Moreover, the sampling period is constant and
much smaller than the distance between the noddbkeof
spline function,T. Now we can assume that the approxi-
mated functionx(t) is continuous. Accordingly, the ap-
proximation can be performed by first finding a imom of
the functional:

o

J= j (x(t) - s(t))?dt

—00

with respect to the parameters of the spline famncti
S()= Y &R, (t-kT).
K=-00

The mappingX(t) - s(t) defined by a minimum of the

functional (14) is a spatially-varying linear systelt can be
described with an integral equation
(16)

s(t) =j x(Dh (t-1)dT,
where h, (t—A) is the system response to a shifted Dirac
impulse functiond(t-A4) . (In other words, the function
h,(t) is a response of a system in which the nodes &f th
spline function are shifted byA).

Statement: The function h, (t) satisfies the following prop-
erties:

1) the functions h, (t) and h;,,(t) are even functions,

2) the function h, (t) is a periodic function with respect to
thevariable A with a period T,

3 Ho(w) <|H, (@)| < |Hq 5(), @7)
where H,(w) is the Fourier transform of h, (t) as a func-
tion of variable t ,

(14)

1for w<T/T,
4 lim H = 18
) i Ha(9) {Oform>n/T, (18)
5) lim Hy(1/ T) =1, H,,(T/T) =0. (19)



Fig. 2 shows plots of families of amplitude chaesis-
tics |H, ()| for different values of the degree of the

spline curve. We can see that the characteristiesmble a
low-pass filter characteristic with the cutoff frempcy
w, =70/ T, and thus with the length, = 2T . Therefore, for

the predetermined cutoff lengtk, , the distance between
the nodes of the spline function should ¢/ 2. Note that

the higher the degree, the better the approximation of the
ideal filter response. Obviously, one should realizat the
higher the degree of the spline functions, the nmnmmeri-

cally complex the filter becomes.
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Fig. 2. Families of the filter amplitude characséds for
different filter orders.

5. AN EXAMPLE OF APPROXIMATION OF A 2D
AND 3D PROFILE

To illustrate the performance of the approximatalgo-
rithm, let us determine, for example, a 2D and 80ghness
profile of the inner ring race of the 608 seriedl baaring.
Nominally, the race cross-section has the shape cifcle
with the radiusr =2.05. Here, the spatial variable is de-
noted byx and the values of the profile by. In Fig. 3, we

can see the measured detail. The surface topograply
measured using a contact profilometer with an dals
table, which enables measurement of 2D and 3Dlpsofi

Fig. 4 shows a measured profile of a cross-seatfahe
bearing race. The profile was measured using theplsag
interval Ax=1um . Our objective was to determine the

roughness of the central part of the profile, witle filter
cutoff length beingA, =0.25mm, and the profile length
8\, . The profile was approximated using cubic splimect
tions with the node-to-node distante=A_/2. Since the
profile was sampled at a constant sampling interivalias
assumed thaf),, =0. Fig. 5 presents the roughness profile
obtained by subtracting the measured profile fréwm ap-
proximated profile representing the mean line. Vila see
that the roughness profile was determined corretiigre
was no end effect, despite the fact that the aogsitof the
form component of the measured profile was a thudisa
times higher than the amplitude of the roughnesspm
nent.

Fig. 3. Measured detail.
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Cross-section of the bearing race.
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Fig. 5. 2D roughness profile.

Let us, for example, analyze surface roughnesthef
inner ring race in a ball bearing. The race surfaas the
shape of a torus with the major and minor radiingei
R=7.36mm andr =2.05mm, respectively. The profile
was measured using a contact profilometer with djnst
able table. It was assumed that the sensor needigeean
along the X axis, whereas the table enables thecblshift
along the Y axis. Uniform sampling was performednal
the axes X and Y. The sampling intervals along tihe
directions wereAx = Ay =1um. The length and width of the

registered profile fragment were 1.0 mm each. &ighows
a graph of the registered profile.
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Fig. 7. Roughness profi'le.

6. CONCLUSION

The study aimed at developing a method for the @ppra-
tion of measurement data for 2D and 3D profilesgid-
spline functions. The smoothness of the lines anthses
was achieved by selecting an appropriate distartwden
the nodes of a spline function. It was shown that node-
to-node distance of the spline should be equabtbdf the
desired cutoff length of the filter. Moreover, stpossible to
obtain an arbitrarily large inclination of the freency char-
acteristic in the transition band if a sufficientiigh degree
of the spline function is selected.

The paper includes examples of separation of 2D3&h
roughness by means of the developed approximatethad
using B-spline functions. The experiments show that
roughness profile can be determined correctly, auithany
end effect, even if the amplitude of the form comgut of
the measured profile is very much higher than thplaude
of the roughness component.

REFERENCES
05 T /
x [mm] > | / . . .
[1] M. Krystek. Form filtering by splines. Measurent, vol. 18
10 0 (1996), pp. 9--15.
Fig. 6. Registered profile of the inner ring ra¢a dall [21 M. Krystek, Discrete L-spline filtering in robgess meas-
bearing. urements. Measurement, vol. 18 (1996), pp. 129-138.
] ) ) ] [3] Seewig, J. Linear and robust Gaussian regres§iters.
A three-dimensional third-degree spline surface used to Journal of Physics: Conference Series, vol. 13 (ROPB.
approximate the profile. It was assumed that 254-257.

Ao =M, =0.25mm, thus the distances between the nodek!]
were equalX =Y =0.125mm. Note that there are 11 B-

spline functions per each of the variablesnd y, which

gives a total of 121 two-dimensional B-splines #mel same
number of coefficients of approximation. Fig. 7 wisothe
corner fragment of the roughness profile= z, —s(x,,, y.,)

with dimensions of one measuring segment. Note tinat
height of roughness is about 200 times smaller ttien
height of the measured profile. In spite of that,emd effect
is observed. This confirms very good approximatdrihe

form components by means of spline functions.

S. Brinkmam, H. Bodschwinna, H.W. Lemke, Accegsin
roughness in three-dimensions using Gaussian kagrefil-
tering. International Journal of Tools Manufactuve). 41
(2001), pp. 2153-2161.

ISO/TS 16610-22:2006, Geometrical Product Sjmtions
(GPS) - Filtration - Part 22: Linear Profile FikkeiSpline Fil-
ters.

[6] ISOITS 16610-31:2010, Geometrical product sfetions
(GPS) - Filtration - Part 31: Robust profile filtexsaussian
regression filters.

I.J. Schoenberg. Cardinal interpolation andrepliunctions.
J. Approximation Theory, vol. 2 (1969), pp. 167620

(5]

(7]

[8] M. Unser, A. Aldroubi, M. Eden, B-spline signadocessing.
IEEE Trans. Signal Processing, vol. 41 (1993),821.-848.
[9] D. Janecki. A generalized L2-spline filter. Memement, vol.

42 (2009), pp. 937-943.



