Proceedings, XVII IMEKO World Congress, June 22 — 27, 2003, Dubrovnik, Croatia TC4

XVII IMEKO World Congress
Metrology in the 3rd Millennium
June 22-27, 2003, Dubrovnik, Croatia

INTEGRAL NON-LINEARITY IN MEMORYLESS A/D CONVERTERS

A. Moschitta®, D. Petri?

'DIEI-Department of Information and Electronic Engineering, University of Perugia, Perugia, Italy
DI T-Department of Informatics and Telecommunications, University of Trento, Trento, Italy

Abstract — This paper investigates the statistical
properties of quantization noise. In particular, a theoretical
model is discussed, which evaluates the power of
guantization noise introduced by a memoryless Analog to
Digital Converter (ADC) as a function of both the converted
signal distribution and the ADC thresholds positioning.
Expressions have also been derived to express the Integral
Non-Linearity (INL) contribution to quantization noise
power as an additive term, and to evaluate such aterm with
a simple formula. Simulation results that validate the
proposed expression are provided.

Keywords: Quantization Noise, Integral Non-Linearity.
1. INTRODUCTION

Analog to Digital (A/D) and Digital to Analog (D/A)
converters are widely used in many modern fields of
application, allowing to replace analog systems with digital
high performance implementations. Modeling the behavior
of A/D and D/A converters is important both for
characterizing the performance of the converters themselves
and for embedding such devices in real systems. The matter
has been subject of several investigations, however the
effects of ADC and DAC unidealities upon the properties of
guantization noise have not been deeply investigated yet [1].
In particular, an additive, white, and uniformly distributed
guantization noise is usually considered, whose power does
not depend on the statistical properties of theinput signal.

However, such assumptions are not verified when the
converter is affected by INL. This paper is focused on the
effects of INL on the noise power of a memoryless A/D
converter, fed with various kinds of stochastic signals. An
exact model is discussed, which describes the quantization
noise power as a function of both the input signal
probability density function (pdf) and the transition levels of
the quantizer [2][3]. The model is then extended to evaluate
the effects of INL and input signal statistical properties. In
particular, the INL effect is modeled as an additive
contribution, extending the results presented in [4]. It is
worth of notice that the noise power of a quantizer affected
by INL may noticeably depend on the amplitude of the
quantizer stimulus. As an exact model may lead to very
complicated expressions, a simplified formula has been
derived, which accurately describes the effects of INL on the
noise power when the stimulus covers enough quantizer

levels. This model has been applied to various stochastic
stimuli, showing a very good agreement with simulation
results. In particular, uniform, Gaussian and noisy sinewave
inputs have been considered.

2. ANALYSISRESULTS

2a. Quantizer model

The theoretical model, whose detailed derivation is
shown in Appendix A, has been obtained by assuming that
the quantizer thresholds define a partition of the real axis,
and by evaluating the conditional error pdf in each of the
partition subsets. Notice that such an approach does not
need any particular hypothesis about the threshold
positioning, and can be applied indifferently to uniform or
non-uniform converters. In particular, it can be shown that
guantization noise pdf can be expressed as:

fe(®) =D fu(Yies ~ ) [(A),
k

D
A= [Yk—1 “Ski Yk T Sk—1] '

where s, is the k-th quantizer decision threshold, yy is the
k-th output level, f,(+) is the input signal pdf, and i(.) is the
indicator function [2].

In this paper, an ideal uniform quantizer is considered,
with infinite quantizer thresholds and quantization levels.
Quantization noise power can be estimated by calculating
the variance of the error, according to:

a§=°fe2fe(e)de, 2

which leads to the following:

o Yk TS
2=y [€h(a-gde, (3

k== y, -5

Figg. 1(a)-(b) report quantization noise power as a
function of signal standard deviation gy, normalized to A,
for uniform and Gaussian input signals respectively. The
error power is normalized to the error power @? of an
uniform ADC fed with an uniformly distributed stimulus. As
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Fig 1: Quantization noise power, normalized to N?12,
obtained in absence of INL for an uniformly distributed
input signal (a) and for a Gaussian distributed one (b). Dots
are simulation results, while the continuous line is obtained
by means of the theoretical model expressed by (3).
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Fig 2: Quantization noise power, normalized to N?/12,
obtained in presence of INL for an uniformly distributed
input signal (a) and for a Gaussian distributed one (b). Dots
are simulation results, while the continuous line is obtained
by means of the theoretical model expressed by (3) and (5).

it is well known, with very high accuracy we can assume
02D 412 In al the considered situations the model shows
agood agreement with ssimulation results.

2b. Uniform quantizers affected by Integral Non-
Linearity

The presented model can easily keep into account INL,
by replacing the ideal decision threshold values in (3) with
the ones affected by INL. In particular, the quantizer
thresholds may be expressed as follows:

Sk = Spi Finly, 4

where sy is the k-th ideal threshold and inl, is the offset
caused by INL.

By using (4), Eg. (3) can be further refined, obtaining an
equivalent form in which the ideal noise power and the INL
contributions appear as two distinct additive terms. In fact,
the properties of the integral operator allow to obtain the
following (see appendix B):

2 _ 2
O¢ _JO+5inIi

Ty =20 D 5, ®)
k=—c0
Sok *inly
5= [(x=s90) Fu()ox
Sok

where N is the number of quantizer levels, gy’ is the
noise power generated in absence of INL, and g, isthe INL
contribution to quantization noise. This term has been
evaluated for uniform, sinusoidal and Gaussian input
signals. In particular, for a Gaussian stimulus, it results:

£ (x) = _1
§ o2 '

_ sék _(50k+in|k)2
— 20?2 _ 20°?
Oy = e e +

- Sok[eff (—SO" * inl "]— erf (—SO" n
o o

(58)

where erf(l)} is the error function [5]. For a zero mean
uniformly distributed stimulus, we have

f.(%) =2—1Ai([—A A)

L {'Bkz_akz _SOk(IBk_ak):lv

o, =
k" 2oA 2

(@Bl =1[Sok:Sox tinl ] n [-A, A]
(5b)

where n is the intersection operator. Finally, for a
sinusoidal stimulus, it results

1

F(X) = — e
¥ A% - X2
dx =%(V(A2—ak2) + Sgy acsn (a—kn+

A
- L(,/(AZ - ﬂkz) + Spy acsin ('BTKJ),

n

i1-A A)

1- A A
(5¢)

[a . Bx] =1[Sok:Sox +inl ] n

Figg. 2(a)-(b) report the noise power curves obtained in
presence of INL for the considered input signals, normalized
to A%12, as a function of Gi/A. In particular, both stimuli
have been applied to an ADC affected by deterministic INL,
where each inl, has been taken from a set of vaues
uniformly distributed between -A/2 and A/2. Again, it can be
seen that the model shows a good agreement with simulation
results.

While the theoretical model provide very accurate
results, it's derivation and application may lead to very
complicated closed form expressions, depending on the
expression of the input signal pdf. This may easily happenin
practical applications, where the quantizer stimulus is
usually distorted or corrupted by noise. A typical caseisthe
usage of dither [4][6]. Thus, by assuming that the input
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Fig 3: Quantization noise power, normalized to N?/12,
obtained in presence of INL for an uniformly distributed
input signal (a) and for a Gaussian distributed one (b). Dots
are simulation results, while the continuous line is obtained
by means of the ssimplified theoretical model expressed by

).

signal pdf fy(:) is amost constant in [Sy, St inl], a
simplified model has been introduced, expressed as follows:

o 2 4

Jinl DA@ 1Ex(sok)[[hllg ' (6)
k

By substituting Eq. (6) in Eg. (5), the noise power of a
guantizer affected by INL may be expressed as:

AZ
og DE’fAZ fy(so) Nl (7
K

It should be noticed that, for an uniformly distributed
input signal whose dynamic range equals the ADC one, (5)
and (6) reduce to the INL contribution reported in Eq. (A.8)
of [4]. Figg. 3(a)-(b) show the results obtained by using (7)
for both uniform and Gaussian input signals. It can be seen
that, as far as the input signal excites a few quantizer levels,
Eq.(7) shows a good agreement with ssimulation results. In
order to analyze another situation of practical interest, a
sinewave signal, affected by an additive dither uniformly
distributed in [-A/2, A/2], has been considered. Fig. 4 reports
both simulation results and the value returned by Eq.(7), in
which the signal pdf derived in [6] has been used. It can be
seen that also in this case the simplified model (7) provide a
very good accuracy.

3. CONCLUSIONS

A theoretical exact model has been presented, which
describes the quantization noise distribution and power of
memoryless A/D converters as a function of both threshold
spacing and input signal pdf. The model has been extended
to keep into account the INL contribution to quantization
noise power, which has been expressed as an additive term.
A simplified model has been also proposed, which provides
good results as far as the dynamic range is sufficiently larger
than the quantizer step. The model has been applied to
variousinput signals, including a noisy sinewave.

APPENDIX A
Quantizer error model

Let us assume that s, is the k-th quantizer decision
threshold, and yy is the k-th output level, such that

s 8 1 12 1 1 18 2
[/
in

Fig 4: Quantization noise power, normalized to N?/12,
obtained in presence of INL for an input signal consisting in
asinewave added to a dither, uniformin [-A/2,A/2]. Dots are
simulation results, while the continuous line is obtained by
means of the simplified theoretical model expressed by (6).

Sk < Sc+1 Yk < Y+t Sk < Yk < Sk+1
The quantizer decision thresholds define a partition of
thered axis, given by

0 =X,
k

The quantizer error can be obtained as the difference
between the quantizer input x, which may me modeled as a
random variable with pdf f,(x), and the quantizer output y.
By keeping in mind that the value of y depends on which
interval X, the input x belongs to, gX, that is the quantizer
error conditioned to Xy, is given by:

Xic =ISc1 8l - (A1)

el X = x| Xy =Yk, (A2

where x|X, is the input x conditioned to X, that is, x such
that xOOX, Hence, the error pdf, conditioned to X,, can be
obtained as:

f (Vs —el X,)
P(Xy)
0, elsawhere

, e| X, OA,
fax, (€] X,) = “

A =[Yi1 =S Yier — Sl
(A3)

where P(X,)=P(x(0X,). The unconditioned error pdf fe(e)
can be obtained as [5]

L@= S fu @PXi(A), (A4)
k=—c0

where i([)l is the indicator function, which equals 1 if
ellA, and equals 0 if e[JA.. By inserting (A.3) in (A.4), Eq.
(1) results. In particular, if the considered quantizer is
uniform, it results that A=[-A/2, A/2], regardless of k.
Hence, (1) reducesto:
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APPENDIX B
Effects of Integral Non-Linearity on quantizer error power
Let us express the quantizer thresholds affected by INL
as:
Sk = Sk +inly, (B.1)
where sy is the k-th ideal threshold and inl, is the offset
caused by INL. The effect of INL is to change the decision
intervals X, which causes the quantizer to produce incorrect
output levels. By assuming that |inl|<A/2, it can be shown

that when INL is introduced, the quantization error can be
expressed as

€=€ * e, (B.2)

e = Asign(ini)i(ly) , (B.3)
k

(B.4)

& (%) = > (x=So = A2 (Xya)
k

where g, is the quantization error of a quantizer not
affected by INL, gy is the INL contribution to the error,
sign(DJis the sign function and I, =[min(Sq,Sok), Max(S,So)] i
the input interval where INL causes the quantizer to produce
an incorrect output level. In fact, when inly is positive, if x
belongs to [sw.Sd, the quantizer output equals Y., rather
than the correct value y,. Conversely, when inly is negative,
the quantizer output equals yy, rather than the correct value
Vi1, Only if x belongs to [s,Sud- Eg. (B.3) shows that the
sign of gy is aways opposite to the sign of e, and its
magnitude is always A. The error power can be evaluated
according to (2), which, by applying a change of variable,
can be expressed in terms of the input X, obtaining

Ski1
o: = z J(eo(x) +epn (M) f()dx  (B.5)
ks
Eg. (B.5) can be expanded into
0L = 0%+ 0N+ Cin, (B.6)

where 030 is the error power of an ideal quantizer, given
by (3), afNL isthe power of the INL error, given by

ohw = 2 [ean (0 f 0 =223 P(1,),  (B.7)

ko1, k

and C,, isacross power term, expressed as.

Cie =2 [&(en (0 f(dx  (B)
Koy

Notice that C,\, isthe correlation between the ideal error
and the INL error. This term can be further developed by
substituting the expressions for g, and e, thus obtaining

Ci ==28Y [ (x=s =2/ 2)sign(inl)i(l,)  (B.9)
k

Ik
Eqg. (B.9) can be expanded into

Sok Hinl
CINL:_ZAZP(IK)+2AZ I(X‘SOk)fx(X)dX
K K s
(B.10)

where the properties of |, and the sign function have
been used to simplify the integral in (B.9). Finally, by
inserting (B.7) and (B.10) in (B.6), the first addendum of the

right part of (B.10) cancels J|2NL , and Eq. (5) is obtained.
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